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Morita Theory has been an important tool in several areas of algebra. 
Refer, for example, to K-theory [4], the integral representation theory of 
groups [7], and the isomorphism theory of the linear groups [ 111, The 
theory consists in essence of two basic results (see Bass’ Oregon Lectures 
[3]): Morita I, which deduces the various consequences implied by the 
existence of a Morita context (or set of equivalence data) for two algebras 
over a commutative ring; and Morita II, which asserts that any equivalence 
between categories of modules arises from a Morita context. 
Frdhlich and McEvett [9] introduce a hermitian Morita Theory for 
algebras with involution. While there are successful applications to the 
computation of surgery obstruction groups and the K-theory of forms, see 
[2] and [ 161, this theory is but a fragment in comparison with its prototype. 
The present article gives (Section 1) a new formulation of the definition of 
a hermitian Morita context. This is done in the expanded setting of algebras 
with anti-structure and clarifies the connection with the “ordinary” Morita 
context. A complete hermitian Morita I is provided in Section 2; and 
Section 3 discusses, in preliminary fashion, some consequences and 
applications. One of these describes the isomorphisms of the unitary groups 
over rings, which have division rings of quotients, in terms of equivalences of 
the underlying categories of hermitian modules. This is related to [5], [8] 
and [13]. This description, in turn, furnishes positive evidence for an 
appropriately formulated hermitian Morita II. Finally, there seem to be no 
apparent obstacles in extending the results here to algebras with “form 
parameter.” Refer to [2]. 
The only prerequisite for this article is the Morita Theory as presented in 
[3] or [4]. The following conventions are in effect throughout: all rings are 
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associative with 1; for a ring A, A0 is its opposite; all modules are unital; for 
a module P, P* is its dual; homomorphisms of modules act “opposite the 
scalars.” 
1. ALGEBRAS WITH ANTI-STRUCTURE AND HERMITIAN EQUIVALENCE DATA 
Let R be a commutative ring with involution -. An R-algebra with anti- 
automorphism is a pair (A, a) consisting of an R-algebra A and an anti- 
automorphism a of A, with the property Y-at Fe 1 = (r . l)* for all r E R. If 
cz2=idA, (A, ) a is an R-algebra with involution. An isomorphism of R- 
algebras with anti-automorphism is an R-algebra isomorphism which 
commutes with the action of the respective anti-automorphisms. 
An R-algebra with anti-structure is a triple A = (A, a, E), often denoted by 
A, consisting of an R-algebra with anti-automorphism (A, a) and a unit E in 
A such that sn = E- ’ and 
ag2 = EaE-’ for all a E A. 
Note that a* = id, o E is in Cen A, the center of A. Observe that a ring with 
anti-structure, refer to [ 161, is an R-algebra with anti-structure in two basic 
ways: with R = Z and - = id,; and with R the center and - the restriction of 
the anti-automorphism. An isomorphism of R-algebras with anti-structure is 
an isomorphism of R-algebras with anti-automorphism that sends the one 
designated unit to the other. 
Now let (A, a, E) and (B, p, S) be two R-algebras with anti-structure. Let 
be a set of equivalence data. 
So A P, is an (A - B)-bimodule over R (meaning that (r . 1)p =p(r . l), 
all r E R, p E P) and analogously for Q; the maps 
,u:P@,Q+A and z:Q@~P+B 
are isomorphisms of (A -A)- and (B - B)-bimodules, respectively; and 
P(P 0 4) P’ = P@ 0 P’), 
a 0 P) 4’ = W(P 0 4’), 
for all p, p’ in P and q, q’ in Q. 
Suppose in addition that there is an additive bijection 
&P+Q 
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such that B(upb) = b%(p) ua, for all a E A, b E B and p E P, and also 
P(P 0 B(P’)) =P(P’ 0 f4P4 eY 
and 
@(P) 0 P’) = @(P’G) 0 &P)! 
for all p, p’ in P. The composite 
is called a set of hermitian equivalence data. If such a set of equivalence data 
exists, the R-algebras with anti-structure (A, a, E) and (B,p, 6) are 
(hermitian) Morita equivalent. 
The remainder of this section gives a series of examples and verifies that 
Morita equivalence defines an equivalence relation on the class of R-algebras 
with antistructure. 
(1.1) SCALING. Let A = (A, a, E) be an R-algebra with anti-structure and 
let y E A be a unit. The equations 
a4 = yaay-’ and 6 = y(y-1)” & 
define an anti-structure on A, and A i = (A,/3,6) is an R-algebra with anti- 
structure. Any such A, is a scale of A. 
Take the set of equivalence data 
where .u and r are induced by the product in A. Define 
&A-+A by O(x) = yxtx”. 
Then (A, A,, A +’ A,p, r) is readily seen to be a set of hermitian equivalence 
data. 
(1.2) ISOMORPHISM. Let A = (A, (x, E) and B = (B,p, 6) be R-algebras 
with anti-structure and suppose that 
is a isomorphism of R-algebras with anti-structure. 
Set P = B. Then P is an (A - B)-bimodule over R by 
apb=a’ -p - b (s in B). 
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Set Q = A and note that Q is a (B - A)-bimodule over R via rp - ‘. Define 
,u:P&Q+A and r:Q@,P+B 
by 
P(P 0 4) =P”-’ .4 and +? 0 P) = q” . P, 
and let 8: P+ Q be given by c?(p) =p”-I”. Then 
(A,&P~Q,w) 
is a set of hermitian equivalence data. 
(1.3) SYMMETRY. Let A = (A, a, E) and B = (B,/3,6) be R-algebras with 
anti-structure. Let 
(A,B,,P,~.Q,,,w) 
be a set of hermitian equivalence data. Define 
0’: Q-P by B’(q) = CO-‘(q)d-‘. 
It follows easily that 
(44 Q~P,w) 
is a set of equivalence data. 
(1.4) TRANSITIVITY. Suppose A = (A, cz, E), B = (B, /?, 6) and C = 
(C, y, r) are R-algebras with anti-structure. Let 
WW’,~~Q.~P,~) 
and 
(B,Cd’,~,W,,w) 
be sets of hermitian equivalence data. Consider the set of equivalence data 
(4 C P O,, K W C& Q, PO, PT), 
where 
is given by 
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and 
Pd(W 0 4) 0 (P 0 VII = P(W7& @PI 0 u). 
It is straightforward to check that 
Ge:po, v+ W@, Q 
with pe)(p 0 V) = Q(V) 0 e(p) d e mes an additive bijection and that f 
@,C,PO, V”e. WO,Q,iucp7) 
is a set of hermitian equivalence data. For example: 
(1.5) Morita equivalence defines an equivalence relation, denoted N, on 
the class of R-algebras with anti-structure. 
ProoJ Apply (1.3) and (1.4). 
(1.6) EXAMPLE. Let S be a commutative ring and let A, and B, be S- 
algebras. Suppose that 
is a set of equivalence data. 
Put R = S @ S and supply R with the involution that interchanges 
components. Let A = A, @ A: and note that component interchange defines 
an involution a on A. So A = (A, a, 1) is an R-algebra with anti-structure. 
Define B = (B, /3, 1) in the same way. 
Define a set of hermitian equivalence data 
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as follows : Let (A;, By, AO Q, , B. PA0 , p;, ry) be the obvious set of equivalence 
data; make P @ Q (external dir&t ‘sum) into an (A - B)-bimodule V in the 
natural way; put W= Q 0 P; define ,u: V@ W+ A by 
P((PY 4) 0 (41TPl)) = til(P 0 %hiu% @PA)> 
and similarly for 7; finally, set B(p, q) = (q,p). In particular if A, is Morita 
equivalent o B i, then A is hermitian Morita equivalent o B. 
This process can be reversed: Starting with a set of hermitian equivalence 
data for A and B, a set of equivalence data can be produced for A, and B, . 
(1.7) OPPOSITES. Let A = (A, a, E) be an R-algebra with anti-structure. 
The triple (A”, a-‘, E) is the opposite R-algebra with anti-structure and is 
denoted A’. 
Let B = (B, B, S) be another R-algebra with anti-structure and let 
be a set of hermitian equivalence data. Then 
equipped with 8- ’ is a set of hermitian equivalence data-the opposite of the 
original. Note that A -B o A0 -B”. 
The following examples are universal in the sense that if an R-algebra with 
anti-structure A is given, then any R-algebra with anti-structure quivalent o 
A is isomorphic to one constructed there. Refer to the Morita Theorem of 
Section 2. 
(1.8) EXAMPLE. Let A = (A, a, E) be an R-algebra with anti-structure, let 
PA be a progenerator, and let ( be a non-singular a-sesquilinear form on P, . 
Refer to [15]. 
Let B be the R-algebra End(P,) and define an R-algebra with anti- 
structure B = (B, j?, 6) as follows: Since 4 is non-singular, it follows that the 
map 
P+ 4(- TP)” E 
is a bijection from P-t (PA)*. Therefore there is a unit 6 E B such that 
!NPT PI) = #(PI 3 6P)” 69 allp,p, in P. 
Its inverse is given by the equation 
#(P,PJ” e = f$(~-‘PIYP). 
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In a similar way, the equation 
defines an anti-homomorphism /I: B + B by b4 = b, . Since 
W’(b%,),p) = $(P, b”‘p,>a e = qW’%, W’P,)~ E 
= #(a-‘P,, b%) = q@cf+w), 
b”* = 6b 6- ‘. So p is an anti-automorphism of B. The anti-structure on A 
gives 6” = 6-l by use of the defining equations above. 
Let P* = (PA)* and consider the set of equivalence data 
withp:P@,P*-+B and r:P*@,P+A satisfying 
Pu(P Of)(P,) =l?f(p,) 
for all p,p, in P and f in P*. 
Define 19: P+ P* by 
and 
[4P)l(P,) = 4(P9 PI). 
Then (B,A, Pte P*, P, 7) is a set of hermitian equivalence data. The least 
routine part of the verification is the symmetry of 0 relative top: 
#(Pl~Y(P’~-‘o~(P)WP,)=#cu(P’~-‘o~(P)~)P,~P*) 
=$(P’~-‘6W1P~PI)~P2) 
= L-‘W’P9P,)l” #(P’YP,) 
= $(PlTP) 9(P’YP,) 
= #(P* 9 PO(P’9 Pz)) 
= #(P* 9 P(P 0 B(P’)) P2)* 
So ,u(p @ fI?(p’)) = ,u(p’ @ O(pe) J)O, by the non-singularity of 4. 
The R-algebra with anti-structure B = (B,p, 6) and the set of equivalence 
data 
@,A, J’A 4 APB*,fiF1,7) 
are said to be defined by (PA, 0). 
Let (A, a, E) be an R-algebra with anti-structure, and let A P be a left A- 
module. A form ( on P is a-sesquilinear, if the form p defined by 
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g”(p,pr) = #(PI ,p) is an a-sesquilinear form for PA0 . The non-singularity of 
Q is defined in the same manner. 
(1.9) EXAMPLE. Let A = (A, a, a) be an R-algebra with anti-structure, let 
A P be a progenerator, and let 4 be a non-singular, a-‘-sesquilinear form on 
*p* 
Take A0 = (A’, a - ‘, E), PA0 , and the non-singular a - ‘-sesquilinear form $” 
on PA o, where 
P(PlP,) = 9(P,?P). 
Consider the R-algebra with anti-structure and the set of hermitian 
equivalence data defined by (PAD, p). Letting End PA0 = End A P act on A P 
on the right, one sees that these are, respectively, given by 
B = (End A P, P, 4, 
where p and 6 are defined by 
9(P, TPb) = @(PI b”YP) 
and 
for allp,p, in ,P and bEEnd,P; and 
(B,A’,BPAO~A~C~P*)B,E~,~), 
where (P~)[~(P)] = $(P~,P> for all P, p1 in P. 
The R-algebra with anti-structure defined by LP, 4) is by definition 
B” = ((End A P)“, p-l, 6); and the set of hermitian equivalence data deBned 
~JI (, P, 9) is the opposite of the above. 
Let A = (A, a, E) be an R-algebra with anti-structure. Let S be a 
subalgebra of A containing 1 and suppose that S” = S and E E S. Then 
(S, a, a) is an R-algebra with anti-structure called a substructure of A. 
(1.10) EXAMPLE. Let A = (A, a, E) be an R algebra with anti-structure, 
let y be a unit of A, and let A, = (A, /I, 6) be the R-algebra with anti-structure 
obtained from A by scaling with y. Let S = (S, a, a) and S, = (S,, /?, 6) be 
substructures of A and A 1, respectively. 
Suppose that there are bimodules P,, and s, Q, in A such that 
PQ= CpqIpEP,qEQ 
I I 
=S, QP=S, 
and yP” = Q. Then, 
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with p(p @ q) =pq, r(q @ 1~) = 4p, and O(p) = yp” is a set of hermitian 
equivalence data. 
2. A MORITA THEOREM 
Let R be a commutative ring with involution and let A = (A, a, E) be an R- 
algebra with anti-structure. 
For a right A-module MA denote the set of a-sesquilinear forms on M by 
S(M,). A form h E S(M,) is hermitian if 
h(m, m’) = h(m’, m)a E 
for all m, m’ in M. Denote by G, the category of right a-sesquilinear 
modules. The objects of 6, are the pairs (it4, h) with M a right A-module 
and h E S(M,.,); the morphisms are the A-linear maps which preserve the 
underlying forms. Define the (full) subcategory Jj, of right hermitian 
modules in the obvious way. 
For a left A-module AM let S(AM) be the set of a-‘-sesquilinear forms on 
M. An h E Sdit4) is hermitian if 
h(m, m’) = ch(m’, m)a-l. 
Define the categories of left a-‘-sesquilinear modules *G and left hermitian 
modules AE) analogously to the right-handed versions. A bijective morphism 
in 6, (or AG) is an isometry; these are isomorphisms in 6, (or AG). 
Now let B = (B,/3,6) be another R-algebra with anti-structure and 
suppose hat 
is a set of hermitian equivalence data. 
Recall from Morita Theory that there are isomorphisms 
and 
Q -+ (PB)* = Hom(P, B) 
Q+ bP)* = Horn@‘, A) 
of (B - A)-bimodules, respectively given by 
4 + (P + 7(q 0 P)) and 4-+ (P+P(POq))* 
Make the left B-module (PB)* into a right B-module, denoted Pp, via p. Note 
that P4 is in fact an (A - B)-module over R via a. In a completely analogous 
481/93/l-15 
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way, dP)* is a (A - B)-bimodule denoted P”. It is easy to see that 
composing the maps above with 0 gives isomorphisms 
9,:P+P” and 9,:P+P” 
of (A - B) - bimodules. 
Now define 
q+:PXP+B 
by 
and similarly, 
by 
Ol(P9P’) =RWW 
= r(e(P) 0 P’>, 
4,:Px P-+A 
MP,P’) = W,(P)l(P’Y’ 
= P(P’ 0 B(P)Y -I. 
It is easy to check that d1 E S(P,), that dz e S(A P), and that both are non- 
singular. 
By Morita Theory, the maps 9, : A + End PB and (D* : B -+ (End A P>” given, 
respectively, by a + (p + up) and b + (p +pb) are isomorphisms of R- 
algebras. 
Let (M, h) be in 6,. Standard tensor product computations how that the 
equation 
(hOtid (~mjOPj,~m; Op;) =C $l(Pj,h(mj,m~)P~) 
=i rC@Pi) 0 Wmi7 mj>Pj) 
defines an element (h 0 #i) E S((M 0 A P)J. Observe that if f: (M, h) -+ 
(M,, h,) is a morphism in 6,) then 
fol,:(MO,P,hO41)-)(M,O,P,h,O~,) 
is a morphism in G,. Define a functor 
F,:G,-*G, 
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Similarly, if (A4, h) is in gG, the equation 
defines an element (& @ h) E S(A(P Be M)). Setting 
.F(M h) = (P Oe M, 4* 0 h) and w-1 = 1, of 
defines a functor 
,F:BG+,G. 
For a bimodule AMe, let PLM) and 9(MB) denote the lattices of left A- 
submodules and right B-modules of M, respectively. For instance, LPLA) 
and Y(A,) are the lattices of left, respectively right, ideals of A. By Morita 
Theory there is a lattice isomorphism 
given by M-r ,u(M @ Q) with inverse I+ IP. Similarly, M+ ,u(P @ M) 
defines a lattice isomorphism 
%zQ>-Wd). 
It is clear that a and 8 induce lattice isomorphisms 
a: L&A) -+ Y(A,) 
and 
19: ;Ip(PJ -, Ip(, Q). 
It follows easily from the properties of 19 that the diagram 
Y(PB) - ~(4) 
e 
I I 
I2 
Q%Q>- WeA) 
commutes. In an entirely analogous way, the diagram 
WAP) - WIBB) 
e 
I I 
4 
%Q>- WBB) 
commutes. 
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Consider next the set of hermitian equivalence data 
(BA,Q,+A,w) 
“symmetric” to the one given above. Refer to (1.3). Now repeat the 
constructions above for this situation. Initially one gets 
QzQa and Q=Qe” 
as (B - A)-bimodules. Defining 
by 
&:QxQ-A 
4(4, s’> = #d@‘(q) 0 4’17 
and similarly, 
by $;(q, q’) = s(q’ @ 8’(q))“-l yields non-singular forms in S(Q,) and 
S(,Q), respectively. The maps 9; : B -+ End Q, and (pi : A + (End B Q)” given 
by b + (q + bq) and a -+ (q 4 qa) are isomorphisms of R-algebras. Finally, 
setting F&V, k) = (ZV Be Q, k @ 4;) and Fe(f) =f@ 1 a defines a functor 
In a completely similar way there is a functor 
MORITA THEOREM. Let R be a commutative ring with involution and let 
A = (A, a, E) and B = (B, /?, 6) be R-algebras with anti-structure. Suppose 
that 
WLP,~,Q,,P,~ 
is a set of hermitian equivalence data. Then 
(1) There are isomorphisms 
PrP” and PrP” 
of (A - B)-bimodules, and isomorphisms 
QrQa and QzQ” 
of (B - A)-bimodules. 
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(2) Letting A,, B,, A,, and B, be the R-algebras with anti-structure 
defined by (PB, q4), (QA, $I), (BQ, 95), and LP, &I, respectivdv, we have 
that 
R:A -+A,, &:B+B, 
&:A+A,, pz:B-,B, 
are isomorphisms of R-algebras with anti-structure. 
(3) The R-algebras with involution (Cen A, a) and (Cen B,P) are 
isomorphic. 
(4) The functors 
FP:GA+$, and Fo:GB+GA 
are inverse category equivalences. The analogous statement holds for pF 
and o F. 
(5) Restricting the functors Fr and Fo gives inverse category 
equivalences 
FP:8A-+88 and F&&3+8/1 
and analogously for rF and ,F. 
(6) The diagrams of lattice isomorphisms 
WPB) - 34.4) WAP) - %J) 
e 
I I 
a -9 
I I 
4 
%Q>- %A) p(Q/i) - WBL?) 
commute. In particular, the lattice of two-sided a-invariant ideals of A is 
isomorphic to the lattice of two-sided P-invariant ideals of B. 
Proof (1) This is already done. 
(2) We prove that 
p,:A-+A, and yl*:B+B, 
are isomorphisms of R-algebras with anti-structure. The other cases follow 
by “symmetry.” 
The R-algebra with anti-structure defined by (Ps, 9,) is 
Al=(EndPB,a,,q), 
where aI and E, are defined by the equations 
#Ya, PI @PA = @(P) 0 4%) 
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for all p, p, in P and a, E End P,. Consider a EA. Using the defining 
properties of a set of hermitian equivalence data gives 
M(P) 0 a*p,) = GWP) 0 PI) 
= T(@“lP) 0 PI) 
= $8(p) @ (a”‘)“‘p). 
It follows that unVl = arpl~l. Similarly, 
ew 0 EP)Q = mp,) 0 6 P)B 6 
and hence &“I= a1. This proves things for vi. 
Next, take the R-algebra with anti-structure defined by (A P, &). This is 
given by 
where /I2 and 6, are defined by 
P(P~ e(p,)) =P(P 0 e(p,b)) 
and 
PCP, 0 e(pw = E-~P(P 0 e(p,))a. 
It now follows as above that (b4)“’ = (brP2)42 for all b E B and that 8”‘~ = 6,. 
We are done for oz. 
(3) Note that Cen(End P,) is the set of biendomorphisms, Bi- 
EnddP,), of P acting on P on the left. Similarly, Cen(End A P) is Bi- 
EndC, PB) acting on P on the right. Define q: Cen A + Cen B by requiring the 
diagram 
CenAW’ Bi-End(, PB) 
0 
1 I 
CenB* Bi-End(, PB) 
to commute. For c E Cen A and p E P observe that c”lp =pcmr2. Now let po, 
p, p1 in P and c E Cen A be arbitrary. Then 
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POW(P) OP,) cnol =P&(e(P)) 0 C-Pi) 
‘PowYCP) @PI)) 
=P(Po 0 WP))P, 
“/4PllO e(Pc”“‘>)Pl 
=P(POc”m%3 &P))P, 
=POC ““we(P) @PI) 
=Pomp) OP,) ~‘4. 
It follows that cam = PB, proving (3). 
(4) Let (M, h) in G, be arbitrary. Then 
It is easy to see that 
given by 
is an isomorphism of right A-modules. The calculations below show that it is 
an isometry in G, : 
((h 0 h) 0 4Xh OP,) 0 q1 9 Cm2 OpJ 0 qd 
=mwq,v 0 (hc3 Mm, c3~~~m,c3p,)q,) 
=,u(e-‘(Sq,&-‘)O~(e(P,)Oh(m,,m,)p,)q,) 
=4e-w,oc3 ~(p,MWb m2)p2 0 q2)) 
=~u(e-‘(641&-1)Oe(P1)).iu(h(m1,m2)p2092) 
=CI(P~ 0 4A” h(m, y m2bu(p2 0 q2) 
= Wwu(p, 0 sl>, m24p2 0 q2)). 
Letting f: (M, h) -+ (M, , h,) be a morphism in 6,) it is readily seen that 
(MO, P)Q Q (folp)olQ, (M, Ba P) Be Q 
TM 
I I 
TM, 
M f , M, 
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commutes. It follows that Fo Fp z lGR. Similarly FpFo z I o,. The other 
situation is completely analogous. 
(5) We show next that if (kf, h) is in gB, then 
F&W h) = W Og Q, h 0 $3 
is in 8, : 
(h 0 #M 0 4, ml 0 4,) =i4@-‘kW1) 0 ff4e-‘(WT m,)sJl) 
=p(B-‘(h(m, m,) qJ1 @ q)* 
=,u(B-‘(q,) 6-‘h(m, m,)4 6 @ q)” 
=~(e-1eB-1(ql)8-1h(m,,m)Oq)” 
=,u(etV’(q,)C1 @ h(m,,m)q)” 6 
= th 0 gi;>(m, 0 ql, m 0 4)” E. 
So F, : $j,- a,, and similarly Fr : !!jA -+ sB. That these are inverse ‘category 
equivalences follows from the analogous fact in (4). The proof in the other 
situation is analogous. 
(6) The last statement is the only one left to prove but this follows by 
restricting the two diagrams appropriately. Q.E.D. 
3. SOME COROLLARIES AND APPLICATIONS 
Let R be a commutative ring with involution. 
Let A = (A, a, E) and B = (R, /3,6) be two R-algebras with anti-structure. 
(3.1) Suppose A and B are both commutative and that E and 6 are either 
both 1 or -1. Then A and B are hermitian Morita equivalent u they are 
isomorphic as R-algebras with anti-structure. 
Proof: Apply (3) of the Morita Theorem. 
The scaling construction (1.1) shows that the conclusion of (3.1) fails for 
commutative A and B in general. 
(3.2) Suppose A is either commutative or has no zero divisors and that 
every right progenerator over B is free. Then A and B are hermitian Morita 
equivalent u B is isomorphic, as R-algebra with anti-structure, to a scale 
of A. 
ProoJ: Suppose A N B and let 
(A,B,,~‘~+BQA,c~,~) 
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be a set of hermitian equivalence data. By (2) of the Morita Theorem there is 
a non-singular 4 E S(P,) such that A is isomorphic to the R-algebra with 
anti-structure defined by (PB, 0). So 
Ag(EndP,,a,,s,) 
with E, and a, defined by the equations 
$(P, P,) = #(P, 9 E, P)’ 6 and !m PY PI) = #(Pv oY’P1) 
for all a,EEndP, andp,p, inP. 
Since A g End PB as rings, it follows from the hypothesis that PB is free of 
rank 1. So set P = xB and note that 0(x, x) = y is a unit in B. Scale B by y-l 
to get (B, p, , 8,) where 6, = y-‘y46 and 
b”l= y-‘b”y for all b E B. 
For b E B, define &: P+ P by setting f,,(x) = xb and extending linearly. 
Define 
B-tEndP, 
by b--v& and note that this is an isomorphism of R-algebras. Using the 
defining equation of a, and E, and the fact that 4 is P-sesquilinear shows that 
this map is an isomorphism between the R-algebras with anti-structure 
(B,P,,4)and (EndP,,a,,E,). Q.E.D. 
The conclusion of (3.2) does not hold if the assumption on B is dropped: 
Suppose F is an algebraic number field with ring of integers R and supply 
R with the trivial involution. Let E 1 F be a quadratic extension with 
involution /3 and let B = 0, be the ring of integers of E. Let 6 be a unit of B 
with 8’ = 6-l and consider the R-algebra with anti-structure B = (B,p, 6). 
Finally, let A be any commutative R-algebra with anti-structure. Counterex- 
amples to the conclusion of (3.2) can be extracted from Chapter I of Conner 
[6]. The additional equivalences needed are of the type of (1.10). These 
equivalences when considered in the context of quadratic extensions of 
number fields are closely related to the groups Gen(E 1 E) and Iso(E ] F) 
which are important (see Chapter IV of [6]) in the analysis of the Witt ring 
of 0,. 
The next corollary is a generalization of a theorem of Albert. A special 
case gives his Theorem 12 of [ 1, p. 1561. 
(3.3) Let A = (A, a, E) be an R-algebra with anti-structure. Let A P be a 
progenerator and let 4 E Sd P) be non-singular. 
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Let B = ((End A P)“, j?, 6) be the R-algebra with anti-structure defined by 
b P, 4) and define 
hM(PYP’)l = mJ9PJ”P’* 
Then 4, E S(P,) is non-singular and if A, = (EndP,,a,, E,) is the R- 
algebra with anti-structure defined by (PB, $,), 
A EA,. 
Proof: The R-algebra with anti-structure defined by b P, 4) is given as 
follows: Let B = (End A P)” and define /? and 6 by the equations 
OW,p,) = #(PM+? and 9(PYP,) = MP14P)“-‘. 
Refer to (1.9). Set B = (B, j3, 6). 
Consider now the set of hermitian equivalence data defined by b P, 4). 
This is 
(&A, iL,P): %s,f’~,~ 51, 
where 19, ~1, and r are given by 
(P)[QJI>l = QOAPI), (PJPdfOP) = (PJ-)P 
and r(p @f) = pJ Refer to (1.9). 
Now apply the Morita Theorem to this set of hermitian equivalence data. 
Define 
by #;(p,p’) =,u(&J(p) s-’ @p’) and observe that 4; = 4,. All conclusions 
now follow. Q.E.D. 
Let A be a simple left Artinian ring with involution (x and consider the Z- 
algebra with anti-structure A = (A, cz, 1). Let A P be any simple left A-module 
and make P* into a left A-module P” via a. Since A P” is simple, A P s ,,, Pm. 
This provides a non-singular 4 in Sd P). Note that B = (End aP)O is a 
division ring and refer to (3.3). If 6 = f 1, /I is an involution on B. If not, 
then since a4 = 6&l, 6= (1 + S)[(l + d)-‘lO. Scaling by y= (1 + 6) provides 
B with an involution. This gives the theorem of Albert referred to above. 
Again let A = (A, a, E) be an R-algebra with anti-structure and let (M, h) 
be in 8,. Assume h is nonsingular. 
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Call M split if there is a submodule N of M such that N is a direct 
summand of M and 
N= {mEMIh(m,N)=O}. 
Refer to Appendix 2 of Milnor and Husemoller [ 121. An important example 
of a split module is given as follows: Let NA be a finitely generated 
projective, and make N* into a right A-module N” via a. Put M = N 0 N” 
and define a form 
h:MxM-+A 
WM-), h,fi)) =fW +fi@>” E- 
The pair (M, h) is hyperbolic module. Refer to [ 151. 
Now let B = (B, /3, S) be another R-algebra with anti-structure and let 
be a set of hermitian equivalence data. 
It is straightforward to check that the equivalence Fp: Ba + tiB preserves 
non-singular, split, and hyperbolic modules. In particular, Fp induces an 
isomorphism between the Witt group of A and that of B. Refer to [ 121, also 
to [9]. 
For (M, h) in 8, with h non-singular, denote by U(M, h) the group of 
isometries of M and by PU(M, h) its quotient by the center. Setting 
F,,(M, h) = (N, k), it is easy to see that Fp induces an isomorphism 
Fp : PU(M, h) -, PU(N, k). 
This last fact has the following converse: 
Suppose that (A, a, E) and (B, /I, 6) are rings with anti-structure, i.e., Z- 
algebras with anti-structure. Assume that A and B have division rings of 
quotients. Let (M, h) in 5, and (N, k) in ee be free hyperbolic modules of 
ranks 26. Let 
$: PU(M, h) + PU(N, k) 
be an arbitrary group isomorphism. Then there is an equivalence 
F: sj, -+ 8,) isomorphic to an Fp, such that F(it4, h) = (N, k) and F induces 
@. In particular (A, a, E) and (B, /I, 6) are hermitian Morita equivalent. 
This is the hermitian analogue of (3.3) of Hahn [ 111. If A and B are 
commutative (i.e., integral domains), this result in combination with (3) of 
the Morita Theorem extends results of O’Meara [ 131 to the unitary groups. 
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The proof constructs a set of hermitian equivalence data which is more 
general than (l.lO), and combines this with classical results of Callan [5]. 
The details of this will appear separately. 
The above result suggests that the following question (hermitian Morita II) 
has an affirmative answer: Let A = (A, a, E) and B = @,/I, 6) be R-algebras 
with anti-structure and let 
be a category equivalence. Is it true under appropriate assumptions on F 
(e.g., preservation of product, hyperbolics) that F is isomorphic to some Fp ? 
Finally, observe that hermitian Morita equivalence gives rise to 
generalized Brauer groups. The elements are equivalence classes of Azumaya 
algebras with anti-structure. Work of Saltman [ 141 sheds light on the 
question of how these groups are related to those of Frijhlich and Wall [IO]. 
Note added in proof. The characterization of the isomorphism of the groups PU(M, h) 
that has just been described will appear in A. J. Hahn and Z. X. Li (Hermitian Morita theory 
and hyperbolic unitary groups, J. Algebra, in press). For a survey of the entire isomorphism 
theory of the classical and related groups refer to A. J. Hahn, D. G. James, and B. Weisfeiler 
(Homomorphisms of algebraic and classical groups: A survey, Canad. Math. Sot. Conf: Proc. 
4 (1984)). 
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